
Fourier Transform - A Brief Summary 
 

Adapted from notes by Michael Braun 
 

This handout is intended as a refresher on the properties of Fourier Transforms.  More 
detailed discussions can be found in 
 E. Hecht, Optics, 2nd ed, Chapter 11 
 E. G. Stewart, FOURIER OPTICS, An Introduction 
  
There are also some interesting web-based summaries of Fourier Transforms such as: 
Kevin Cowtan's Book of Fourier has graphical examples, and applications to 
crystallography: http://www.ysbl.york.ac.uk/~cowtan/fourier/fourier.html 
 
Definition 
Let )(xf  be a function of some independent variable x  (this may be time or spatial 
position). A Fourier transform maps the function )(xf  into another function )(sF  
defined in the Fourier domain (the independent variable s  may stand for temporal or 
spatial frequency). 
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In these notes we follow the usual convention, which uses uppercase letters to denote 
Fourier transforms, i.e. { } { })()(,)()( xgsGxfsF FF ==  and so on.  Physicists often use 
the variable k=2πs instead.  For crystallography, s is more convenient since Bragg’s law 
then reduces to d=1/s.   
 
Conditions for Existence 
The Fourier transform )(sF  exists if 
 1. )(xf  is absolutely integrable, i.e. 
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 2. any discontinuities in )(xf  are finite, and 
  

3. )(xf  has only a finite number of discontinuities and only a finite number of                
maxima and minima in any finite interval 

 
Inverse Transform 
The inverse Fourier transform in defined as  
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If )(xf  is discontinuous, it should be replaced in the definition above with the mean of 
the “from above” and “from below” limits 
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Linearity 
Given Fourier transforms { } { })()(,)()( xgsGxfsF FF ==  and constants a  and b , 
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Similarity 
Given { })()( xfsF F=  and a constant a , 
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Shift 
Given { })()( xfsF F=  and a shift a  in the x –domain, 

{ } )()( 2 sFeaxf sai π=−F .      -(6) 
Similarly, for a shift α  in the Fourier domain, 

{ } )()( 21 xfesF si απα −− =−F  .     -(7) 
 
Derivative 

Let { })()( xfsF F=  and denote 
dx
dff =' . Then 
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and for the nth derivative, 
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Convolution 
Given two functions )(xf  and )(xg , whose Fourier transforms are )(sF  and  )(sG , 
respectively, the Fourier transform of the convolution of the two functions is the product 
of their Fourier transforms 

{ } )()()(*)( sGsFxgxf =F ,    -(10) 
where the convolution is defined as: 
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Crosscorrelation 
Define the crosscorrelation of the two functions )(xf  and )(xg  as follows: 
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(Here, the *  denotes complex conjugation, where i  goes to i− .) 
 
Then the crosscorrelation is related to the convolution by: 

)(xf )(*)()( * xgxfxg −= ,    -(13) 
It follows that, given { })()( xfsF F=  and  { })()( xgsG F= , 

 { )(xfF } )()()( * sGsFxg =                      -(14) 



Autocorrelation 
From above, it follows that the Fourier transform of the crosscorrelation of a function 
with itself (autocorrelation) is given by the squared modulus of its Fourier transform, 
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Raleigh’s Theorem 
The integral of the squared modulus of a function is equal to the integral of the squared 
modulus of its transform. Thus if )(sF  is the Fourier transform of )(xf , then 
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Power 
Let )(sF  and )(sG  be the Fourier transforms of )(xf  and )(xg , respectively. Then 
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Area 
The area under a function )(xf  is given by 
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Moments 
The first moment of a function )(xf  is given by 
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For the nth moment, we have 
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Some Fourier Transform Pairs 
 

 

 



 


